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© Quantum curves and topological recursion



Presentation of the problem

P € Clz,y] and X = {(z,y) € C? | P(z,y) = 0} plane curve of genus g.

A quantization of ¥, is a differential operator P of the form

P(®,7;h) = Py(,7) + O(h),

where . =z, §y = h%, such that Py(z,y) = P(z,y)Q(x,y), for some
Q € Clz,y] ( )
o The operators & and § satisfy [§, 2] = h.
o P(2,9)(z,h) =0, z € X
1
WKB analysis ~ 9(z, ) = exp (ﬁSO(z) + S1(2) + BS2(z) + .. )
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Presentation of the problem

P € Clz,y] and X = {(z,y) € C? | P(z,y) = 0} plane curve of genus g.

A quantization of ¥, is a differential operator P of the form
P(@,5;h) = Po(%,5) + O(h),

%, such that Py(z,y) = P(z,y)Q(x,y), for some
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o The operators & and § satisfy [§, 2] = h.
o P(&,))0(z,h) =0, z € .

WKB analysis ~ 9(z, ) = exp (%So(z) + S1(2) + BS2(z) + .. )

Question: Can we construct the operator P and the solution 1) from P?

Both P and v can be constructed from ¥ using topological recursion. I




History and literature

o Proved for many particular cases ~» genus § = 0 spectral curves.

o Bouchard—Eynard '17 ~~ spectral curves whose Newton polygon has
N; = #{interior points} =0 ( g < Ny).
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o Marifio—Eynard '08 ~~ Holomorphic, modular and background
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o Borot—Eynard '12 ~» Only non-perturbative wave functions can obey
“good” quantum curves (for § > 0).

o Eynard '17 ~» General idea to construct integrable systems and their
7-functions from the geometry of the spectral curve.
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History and literature

o Proved for many particular cases ~» genus § = 0 spectral curves.

o Bouchard—Eynard '17 ~~ spectral curves whose Newton polygon has
N; = #{interior points} =0 ( g < Ny).

o Marifio—Eynard '08 ~~ Holomorphic, modular and background
independent, non-perturbative partition functions.

o Borot—Eynard '12 ~» Only non-perturbative wave functions can obey
“good” quantum curves (for § > 0).

o Eynard '17 ~» General idea to construct integrable systems and their
7-functions from the geometry of the spectral curve.

o Chidambaram—-Bouchard—Dauphinee '18 ~~ Elliptic curves, but with
infinitely many A corrections!

o lwaki-Marchal-Saenz '18, Marchal-Orantin '19 (reversed approach)
~» Lax pairs associated with A-dependent Painlevé equations and any
ho, U (x, h) = L(x, h)V(z, k), with L(x, h) € sl5(C), satisfy the
topological type property from Bergére-Borot—Eynard '15 (§ = 0).

o lwaki-Saenz '16, Iwaki '19 ~~ Painlevé | and elliptic curves (g = 1).

o Marchal-Orantin '19, Eynard—GF '19 ~~ Hyperelliptic (any §).
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© Spectral curves



Input of topological recursion (TR) (Chekhov-Eynard-Orantin, '04-'07)

Input: S = (X, z,ydz, B):
@ X Riemann surface of genus §.
@ Two meromorphic functions z,y : ¥ — C = P(z,y) =0, P € Clz, y].
@ Symplectic basis of non-contractible cycles (.Ai,Bi)le on X.

o A symmetric bidifferential B = wg,2 on X X X such that

wo,2(21,22)  ~ (dzld222 + holomorphic with vanishing A-periods.
zZ9—21 21—22)
Output: € HO(2", (Ks(xCr(z)))¥")®", for all g,n > 0.

x : X — C meromorphic function with finitely
many and simple critical points (denoted Cr(z)), and y : ¥ — C
holomorphic on a neighborhood of every a € Cr(z) and dy(a) # 0 =
Existence of a local involution o around every ramification point:

z(z) = z(o(2)).



Generalized cycles

9! (X) ~» Meromorphic differential forms.

Generalized cycles ~ v € MM (X)* such that f,y B is a meromorphic
1-form (Eynard '17).



Generalized cycles

9! (X) ~» Meromorphic differential forms.

~ 4 € M'(X)* such that [ B is a meromorphic
1-form (Eynard '17).

o 1st kind cycles: Usual non-contractible cycles, i.e. elements
[v] € Hi(%,C). If ¥ is compact of genus g, then dim H; (%, C) = 2g.
o 2nd kind cycles: v = ~,.f ~» small circle y, around a point p € &
weighted by a function f holomorphic in a neighborhood of -, and
meromorphic in a neighborhood of p, with a possible pole at p (of
any degree). By definition fvw = 2mi Res ), fw.

o 3rd kind cycles: v = v,_,, ~ paths up to homotopic deformation
with fixed endpoints whose boundaries 9y = [p] — [g] are degree zero
divisors.



Parametrization by generalized cycles and times

A basis of functions which are meromorphic in a neighborhood of p € &
is given by

‘ {§£}keza with &, = (z — x(p))t/ordr (@),

If 2(p) = oo, we set &, = 21/ (@) with ord,(z) < 0.
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Parametrization by generalized cycles and times

A basis of functions which are meromorphic in a neighborhood of p € &
is given by

{f Yrez, with &, = (x — x(p))l/ordp(a;).

If 2(p) = oo, we set &, = 21/ (@) with ord,(z) < 0.
Integer lattice in the space of second kind cycles:

Ap i =1Ly, pE S,k >0,

&"

Bok = omi k-

, peEXk>1.

For p a pole of wq 1:
1

t k= —
P 21 Ap k

0 1 1 f_k
- = — - = R - k> 1.
atnkWO,O 2mi /Bp k 01 2mi / “o.L e k w1
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Parametrization by generalized cycles and times

A basis of functions which are meromorphic in a neighborhood of p € &
is given by

{f }keZ7 with & = (x — :E(p))l/ordp(a:).
If z(p) = oo, we set &, = x1/orde (@) \with ord, (z) < 0.
Integer lattice in the space of second kind cycles:
Ap i =1Ly, pE S,k >0,

&"

Bpa k= 27T 713 k

, peEXk>1.

For p a pole of wq 1:
1

t k= —
P 21 Ap k

0 1 1 g—k
o =5 -— — = R - k>1.
atnkwo,o o /Bp ) 01 = 5= / wo,1 es = —wWo,1,

Filling fractions:

1
wo,1 = i / f;f wo1 = R];asf;fwo,l k>0,

= L
€= 3y Ja, w0



Hyperelliptic curves

’ P(z,y) = R(z) —y* = 0, with R(z) € C(x) |

x: Y — CP! is a double cover and we have a global involution

(z,y) = (2, —y).



Spectral curves
00008000

Hyperelliptic curves

’ P(z,y) = R(z) —y* = 0, with R(z) € C(x) ‘

x: ¥ — CP! is a double cover and we have a global involution

(@,9) = (z, —y).

o If R € C[z] is a polynomial of degree 2m + 1 or 2m + 2 the curve
has genus § < m, with equality if the plane curve is smooth. If the
degree is odd, the curve has one point at infinity and if the degree is
even, the curve has two points at infinity.

o All curves of genus 2 are hyperelliptic, but for genus > 3 the generic
curve is not hyperelliptic.

v




G~ pole of wy 1, d; == ordg, ().
o x({;) # oo ~ Not a ramification point = d; = 1.
o z((;) = oo ~~ Either (; is a pole of wy 1 of odd degree, and then it is

a ramification point with d; = —2 and o(¢;) = (;, or it is a pole of
wo,1 of even degree, and then it is not a ramification point with
d; = —1.

If ¢; is a pole, o({;) is also a pole. For poles for which o ({;) # (i, we
have to(c),g = —teig-



G~ pole of wy 1, d; == ordg, ().
o x((;) # 0o ~» Not a ramification point = d; = 1.

o z((;) = oo ~~ Either (; is a pole of wy 1 of odd degree, and then it is

a ramification point with d; = —2 and o({;) = (;, or it is a pole of
wo,1 of even degree, and then it is not a ramification point with
d; = —1.

If ¢; is a pole, o({;) is also a pole. For poles for which o ({;) # (i, we
have to(c),g = —teig-
Parametrizing w ; with A, and B, ; cycles:

Expansion of wy 1(z) = y(z)dz(z), z € X, around a pole p:

Sp

> (B Grena) 6476+ 3 (Bes ) 67

k=0 E>1

wo,l(z)

:th KG G + Y ko woocp‘ldcp

k>1



Spectral curves from integrable systems

Let h-2W(xz, h) = L(z,h)¥(z,h) be a differential system. We define the
classical spectral curve associated to it by

P(z,y) = }1115)% det(yId — L(x,h)) =0,

which gives a polynomial equation. For a non-zero genus curve, this must
be completed with a choice of symplectic basis of cycles and a
bidifferential B.




Spectral curves from integrable systems

Let h-2W(xz, h) = L(z,h)¥(z,h) be a differential system. We define the
classical spectral curve associated to it by

P(z,y) = Flg% det(yId — L(x,h)) =0,

which gives a polynomial equation. For a non-zero genus curve, this must
be completed with a choice of symplectic basis of cycles and a
bidifferential B.

Different approach:

o h-differential system.

o Define the classical spectral curve associated to it.

o Show that interesting quantities from the point of view of the
differential system may be reconstructed from topological recursion
applied to this classical spectral curve.

o Proof by showing that the differential system satisfies the
topological type property (Bergére-Borot—Eynard '15).



Isomonodromic deformations

h-dependent Lax pair (L(z,t; k), R(x,t; k) ~ 2 X 2 matrices, whose
entries are rational functions of 2 and holomorphic in ¢ such that

0
h%\ll(m,t) = L(x,t;h)V(x,1),
h%\ll(m,t) =R(z,t;h)¥(z,t)

is compatible. We call such a system an isomonodromy system.

%gxlll = 82;\11 & h%E — h9E 4 [L,R] = 0 (zero-curvature equation).
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Isomonodromic deformations

h-dependent Lax pair (L(z,t; k), R(x,t; k) ~ 2 X 2 matrices, whose
entries are rational functions of 2 and holomorphic in ¢ such that

0
h%\Il(m,t) = L(x,t;h)V(x,1),
h%lll(m,t) =R(z,t;h)¥(z,t)

is compatible. We call such a system an isomonodromy system.

%;x\l/ = %2815\1/ & h%E — h9E 4 [L,R] = 0 (zero-curvature equation).
L(x,t;h) =Y oo B*Lr(z,t). The associated spectral curve is given by

det(yId — Lo(z,t)) = 0, family of algebraic curves parametrized by t¢.

Painlevé equations ~~ Isomonodromic deformations. Painlevé property ~
Solutions have no movable singularities other than poles. Classification of
all second order differential equations with the Painlevé property ~~ 50
solutions and only 6 which could not be integrated from already known
functions.
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Q Loop equations and deformation parameters



Loop equations
0®0000

Loop equations

Let y*> = R(z), with R € C(z). The family of curves that we consider
has the global involution z — —2z, i.e. z(2) = z(—2).

Let wo 1(2) == y(z)dz(2), wo2(21,22) == B(z1,22) and wy ., for

29 — 2+ n > 0 be defined as the topological recursion amplitudes for this
initial data.

Theorem (Eynard—Orantin, '07)

o The linear loop equation reads

Won+1(2) 21, -+ Z”)+w9’”+1(_27 ZlyeeeyZp) = dg,00m,1 (gfz()zligg,(zﬁgz'
o The quadratic loop equations claim that the following expression
1
W (wg—l,n+2(z, —2,21y-+-y2n) +
Z w9171+u1\(za Il)wg2,1+|[2|(—2,12)>
91+92=9,

IlLJIQ:{Zl,...,Zn}

is a rational function of x(z) with no poles at the branch-points.




Corollary

For all g,n >0,

-1
Pyn(z(2);21,...,20) = W <w9_1’n+2(z, —Z, 21,y 2n)

+ > w9171+|11|(z’Il)w!]2,1+|12|(_zv-[2)>

91+92=g,
Iﬂ.llg:{zl,...,zn}

£ 1 W n(21, . ) —Ziy. s 2n)
t2 (w(z) —a(=) aa(z) )

is a rational function of x:(z) that has no poles at the branch-points and
no poles when x(z) = x(z;).




Corollary
For all g,n >0,

-1
Pyn(z(2);21,...,20) = W <wg_1’n+2(z, —Z, 21,y 2n)

+ Z ng,1+|11|(2,Il)wg2,1+|12|(—z,fz)>

91+92=g,
IluIQI{Zl,...,Zn}

£ 1 W n(21, . ) —Ziy. s 2n)
+2 (s do(z) )

is a rational function of x:(z) that has no poles at the branch-points and
no poles when x(z) = x(z;).

© wp,2 poles at coinciding points. P, , as a function of z, can

© Wyn, 29 —2+n >0, poles at = only have poles at the poles
ramification points. of wo,1.



Elliptic curves

Consider a family of elliptic curves y? = x3 + tx + V parametrized by
z(2) = 1v2p(2),
3
y(2) = 5¢'(2),

with z € ¥ = C/Z + 7Z the torus of modulus 7.
Near z = 0, z(z) = oo, we have

3
~ T2 +
Y 212



Elliptic curves

Consider a family of elliptic curves y? = x3 + tx + V parametrized by
z(2) = 1v2p(2),
3
y(2) = 5¢'(2),

with z € ¥ = C/Z + 7Z the torus of modulus 7.
Near z = 0, z(z) = oo, we have

$ t N Vv 12 tvV +OoEh
~ T —_——— - — T
Y 203 223 8z3  dxl
= 1
too, — ydx = Res z72 ydx = —t,
271 Ao 1 z—
/ ydx = Res z? ydr = V.
Boo.1 z—0
1 _s
toos = = yder = Res 72 ydo = -2,
27TZ -Aoo,s Z—00



Genus 1 case

Poo(z(2)) = y(2)? = 23 + to + V, with

—V—/ w —Lw ——gw
= o, 0,1—61500’1 0,0 = —5;W0.0

= P070(IIZ(Z)) =z +tx + %WO,O-



Genus 1 case

Poo(z(2)) = y(2)? = 23 + to + V, with

V—/ w —Lw ——gw
= . 0’1_31500,1 0,0 = = 5,000

0,1
= Pyo(z(z)) = 3 +tx + %wop.

For 29 —2+mn >0, for z = 0 (z(z) — o0) we have

2y(2)d$(z) wQCi;J(rzl)(ZZ, AT ,Zn) i O(x(z)f?’),

=2y(2)0(x(2) ) + O(z(2)~%) = O(1).

Pyn(z(2);21,...,2n) =



Genus 1 case

Poo(z(2)) = y(2)? = 23 + to + V, with

—V—/ w —Lw ——gw
= . 0’1_31500,1 0,0 = = 5,000

0,1
= Pyo(z(z)) = 3 +tx + %wop.

For 29 —2+mn >0, for z = 0 (z(z) — o0) we have

2(2): 2 )= y(z)de(z) wg nt1(2, 215+, 2n) ()3
Pg,n( ( )v 1yeevy n) 2 dx(z)g +O( ( ) )’

=2y(2)0(x(2) ) + O(z(2)~%) = O(1).

So P, , is independent of z and we have:

. 3 W ,n+1(27217~'~72n)
Pyn(x(2);21, ..y 2n) =2 gc(ll)rgoo r(z)2 4 (o)
= —Res Vz(2) wynt1(2,21, ..., 2n)

Z—r 00

0
= - Wont1(2,21, ..., 2n) = awgm(zl,...,zn).
Boo,1



Generalized cycles and variational formulas

Let ¢; be the poles of wy 1 of degrees m; + 1 and d; = orde, ().
Consider the operator

L(x) == Z i ted Z xk(— d% =lg= 2) 9

Ote; i (kt2)

i,2(¢;)=00 j=1-2d; 0<k<izi_g
m; J 9
+ > Dt @-a@) G+ - k),
, — — Ote, j+1—k
3,2(¢;)#oo0 j=0 k=0
= Pyn(z;21,...,2n) = L(z).wg,n(21,. -, 2n).

In the Airy case, 42 = x, we have only one pole, at (; = 0o, of degree
m; = 3, with d; = —2. The sum is empty and L(z) = 0.
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@ Partition function, wave functions and PDEs



Wave function over a divisor

Let D =>""_, a;[p;] divisor on I, with p; € . Call Y, «; the degree of
the divisor. For D € Div((X) (divisors of ), p(z) 1-form on X
and o € ¥ an arbitrary base point:

[REE Sy A E!



Wave function over a divisor

Let D =>""_, a;[p;] divisor on I, with p; € . Call Y, «; the degree of
the divisor. For D € Div((X) (divisors of ), p(z) 1-form on 2
and o € ¥ an arbitrary base point:

[REE Sy A E!

For (g,m) # (0,2) consider the functions of D, defined locally:

Fyo(D) =Fy; = uwgo,

—_—
Fyn(D) ::/D~-~/Dwg,n(zl,...,zn).

B(z1,22) == didz log (E(Zla Zz)W) ;

with E(z1, 22) being the prime form, which vanishes only if z; = z5 with
a simple zero and has no pole.



Special regularization for cylinders

For (g,n) = (0,2) define:

Fy2(D) = ZZaia]— log (E(pi,pj) dx(p,»)dx(pﬂ) .

i<j



Special regularization for cylinders

For (g,n) = (0,2) define:

Fo2(D) =2 a;a;log (E(pi,pj) dw(pi)dx(pj)> :

i<j

More usual regularization for (0,2):

Fu):= [ [, (00~ G300



Special regularization for cylinders

For (g,n) = (0,2) define:

Fy2(D) =2 aia;log (E(Pmpj) dx(?i)dx(]?j)) :

i<j

More usual regularization for (0,2):

We have

~ E(pi, p;)\/dx;idz;
FOVQ(D)QZaiOLjIOg< ( ac])—x ]> Za log
J

i<j

Then FO’Q(D) = FO,Q(D) +2 Ei<j (e 1e log(aﬁi — .’,Ej).



Perturbative PDE as a quantization

Define F, (D)
Sm (D) = Z g’n' b
2g—24+n=m-—1 :
g>0,n>1

and the wave function

(D, h) = exp(S(D, h)), with S(D, h) Z I



Perturbative PDE as a quantization

Define F, (D)
Sm (D) = Z g’n' b
2g—24+n=m-—1 :
g>0,n>1

and the wave function

(D, h) = exp(S(D,h)), with S(D,h) =Y _ "' S, (D).

Theorem (Eynard-GF,'19)

Let F = Zg>0 h 9F,. For every k =1,...,r, we obtain
4o d
dacz ay dzy Q0
— L(xy) + )
(dac,c Z Ty — T (k) ; (xp — x;) (@i — x5) ¥
i#k,j#k

= (R(zx) + L(zx).F) .




Perturbative PDE as a quantization

Define F, (D)
Sm (D) = Z g’n' b
2g—24+n=m-—1 :
g>0,n>1

and the wave function

(D, h) = exp(S(D,h)), with S(D,h) =Y _ "' S, (D).

Theorem (Eynard-GF,'19)
Let F =%

g>0h 9F,. For every k =1,...,r, we obtain
oG-S e, S e

da? Tp — X4 = (xp — x;) (@i — x5)
i#k,j#k

= (R(zx) + L(zx).F) .

Idea of the proof: [, -+ [, Pyn(®(2);21,...,2n) = L(x).Fy (D) and
take the limit 2 — py.



Airy and elliptic cases for two-point divisors

Divisor D = [z1] — [22]:
o PDE for Airy curve: y? = z. We had P, ,, = 0.

d _d

R+ S )y —m,

h < 2 + dgl_dgz ),(/} _
Tr1—T2 - xzw'



Airy and elliptic cases for two-point divisors

Divisor D = [z1] — [22]:
o PDE for Airy curve: y? = z. We had P, ,, = 0.

d __d
h2<@' + da;ll_;igz)w = 17,
d __d
R+ = )y =

xr1—T2
o PDE for elliptic curve: We had Py, = 2wy n(21,. .., 20).
d _ d
d? d; O 0
h2 hZ dx1 T dazo v D) — + Vv Ia
( da:2+ T1 — T ot w(D) = ( +twk +8t )¢

for k=1,2.



Airy and elliptic cases for two-point divisors

Divisor D = [z1] — [22]:
o PDE for Airy curve: y? = z. We had P, ,, = 0.

4 d
w (i + B e =,
2 d___d_
h? (f?g + 3Ty )1/) = 290,
o PDE for elliptic curve: We had Py, = 2wy n(21,. .., 20).
d _ d
d? dz; 0 0
h2 h2 dx1 T dazo v D) — + Vv Ia
( da:2+ T1 — T ot w(D) = ( +twk +8t )¢
for k=1,2.

For a 2-point divisor, we have a PDE involving d/dz, d/dzs and partial
derivatives with respect to times when L(z) # 0. It is possible to
eliminate d/dxzy and get a PDE involving only d/dx; and time
derivatives. What about eliminating the time derivatives?
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Non-perturbative wave-functions and quantum curve

foz - foz Wg,n are not invariant after z goes
around a cycle. (Borot-Eynard,’12)
Since our PDEs do not involve the (first kind) times ¢;, shifting the
cycles A; by integer cycles in Hy (X, Z) = Z?9 gives another solution:

Y({ A = A +ng; [2] — [2']).

The transseries linear combination

P([2-[=]) = % Yo e = etnids [E- 1) Z (e — sitnad),

ni,...,ng€LI

T = Z hZ({E,‘-)EZ‘-i-TLi}),

is thus also a solution of the same PDE.
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an isomonodromic system.




Non-perturbative
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Isomonodromic systems and ODEs

Goal: fg[A} obeys an isomonodromic system type of equation.
Method: Prove that v([z] — [2/]) coincides with the integrable kernel of
an isomonodromic system.

Assume that there is an isomonodromic system (£, R) whose associated
spectral curve is our spectral curve, with

vo-(13 52)

a formal transseries solution. The integrable kernel is defined as:

A(x)B(2') — A(x)B(a')




ODE from isomonodromic system

Idea of the proof:

o Show that the ratio of 1) and K has to be a formal series of the
form 1+ O(2'71).

o Imposing the reduced PDE, deduce a PDE for the ratio.
o Being a solution of this PDE, the ratio must be 1.
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Since A(z), A(x) satisfy the isomonodromic system

0 [(Al)\ _ - A(z) wi v _ (o, t,h)  B(x,t,h)
hax ( (:c)) = £(=) (A(ac))’ th L(z,t,R) ( (x,t,h)  O(w,t, h)) '
a, B,7,6 € C[[h]](x), we obtain the quantum curve annihiliating A(z):

37 = (@(o)+(2)i+ (a(2)d() - Ba)y(a) +1 (o' (0) - ale) 52 - T2 g).

Its classical part i — 0 is indeed the equation det(y — L(x,t,0)) = 0.

ST N




Gelfand-Dikii hierarchy

These systems generalize the Painlevé | equation and appear in the
enumeration of maps in the large size limit. For all genus 0 spectral
curves with 2 = P,q4, Poga an odd polynomial of , the associated
isomonodromic system can be written as a Gelfand-Dikii system.

o Gelfand-Dikii polynomials recursively defined as differential
polynomials of a function U (%).



Gelfand-Dikii hierarchy

These systems generalize the Painlevé | equation and appear in the

enumeration of maps in the large size limit. For all genus 0 spectral

curves with 2 = P,q4, Poga an odd polynomial of , the associated
isomonodromic system can be written as a Gelfand-Dikii system.

o Gelfand-Dikii polynomials recursively defined as differential
polynomials of a function U (%).

Associated Lax pair given by

0 1 —
R(x,t7h)—<x+2U(t) 0)7 (,t,h) Z iz, t,h),
with zero curvature equation:

0 0
haﬁ(x,t, n) + h%R(aﬁ,t, h) = [R(z,t, h), L(x,t, k).

The spectral curve, in the limit i — 0: det(y — £(x,¢,0)) = 0 is always a
genus 0 curve.



It admits the rational parametrization
x(2) = 2% — 2u(t)
y(z) = Lo By (22411 = 2u(t) /224

+
()4 ~> the positive part in the Laurent series expansion near z = oo:

m

j
Z )k (27 + ! L2i—2k+1
k=0

= (25 — 2k + 1)

U(z,t,h) = ( Ei;

haﬁlll(ac,t, h) = L(x,t,h)V(x,t,h), h%\ll(x,t, h) = R(z,t,h)¥(z,t, h).
T

Eg) WKB h formal series solution of the Lax system:



It admits the rational parametrization

{ x(z) = 2% — 2u(t)

y(2) = STy (4711 = 2ut)/22)74)

()+ ~ the positive part in the Laurent series expansion near z = 0o:

o 27+ DI o s
o) =2 S o e

_ [A(z) Bz : . )
U(z,t,h) = (fl(x) B(w)) WKB # formal series solution of the Lax system:

h%\ll(x,t,h) = L(x,t,h)V(x,t,h), hglll(x,tﬁ) =R(z,t,h)¥(z,t,h).

ot
We showed that the formal series 1([z] — [0], ¢, i) coincides with
A(z,t, h) = Leh*1 Jg 42 5 (om0, 0,20 Pt S S wWaun
V2z

and is annihiliated by the quantum curve

P (@(2)+3(2))i+ (o (@)5()—B(x)(x) +h (a’<x> ~ afa)

Bx)  Bla)?

V)5,



O Questions and future work



Quantizing any rank d spectral curve

(work in progress with B. Eynard, O. Marchal and N. Orantin)

o Fix N distinct points A; € CP! and a Riemann surface ¥ of genus
g. Let x : ¥ — CP"! be a d-sheeted ramified covering. The poles of
wo,1 are prescribed to be at ¢ for which z(¢) = oo and at 7 (A;),
Vi=1,...,N. Our spectral curve is of the form:

d
P(z,y) =Yy (—=1)FPy(a).
k=0

We assume the spectral curve to have simple branchpoints away
from the poles A;, i =1,..., N.
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Quantizing any rank d spectral curve

(work in progress with B. Eynard, O. Marchal and N. Orantin)

o Fix N distinct points A; € CP! and a Riemann surface ¥ of genus
g. Let x : ¥ — CP"! be a d-sheeted ramified covering. The poles of
wo,1 are prescribed to be at ¢ for which z(¢) = oo and at 7 (A;),
Vi=1,...,N. Our spectral curve is of the form:

d
Pla,y) = 3y H(=1)F Py(a).
k=0

We assume the spectral curve to have simple branchpoints away
from the poles A;, i =1,..., N.

o Higher rank loop equations and variational formulas with respect to
parameters of the spectral curve.

o Non-perturbative PDEs anihilating wave-functions over any degree 0
divisor (as quantum curves). Further exploration and understanding
of these types of quantum curves.

o Relation to method sketched in Eynard, '17.

o Relation to isomonodromic systems? Can we generalize the method
of Marchal-Orantin, '19?7



Questions and remarks

o From TR, relation to intersection theory granted. Interesting
enumerative geometry in higher genus TR problems?

o Further explore the connection with summability, transseries, exact
WKB, resurgence.

o Relation to the topological type property approach (can that be
proved for higher genus spectral curves?).

o Generalization to spectral curves allowing higher ramifications (to
apply this method, we would first have to generalize the variational
formulas).

o Extend the result to a ramified covering of surfaces other than CP'.

o Generalization to difference equations? (Subtleties including K5
condition of Gukov—Sutkowski '127).

o General relation between Virasoro constraints (or even
Kontsevich—-Soibelman '17, ABCD of
Andersen—Borot—Chekhov—Orantin '17) and quantum curves.



Merci de votre attention !

Tak for din opmaerksomhed!
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